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1 Functions
Grad: ∇f = ∂f

∂x êx +
∂f
∂y êy +

∂f
∂z êz Div: ∇ · f = ∂fx

∂x +
∂fy
∂y + ∂fz

∂z

Laplace: ∇2f = ∂2f
∂x2 + ∂2f

∂y2 + ∂2f
∂z2

Log-mean: flm(x) = [f(x2)− f(x1)]/[ln (f(x2)/f(x1))]

2 Unsteady State Heat Transfer
ρĈP

DT
Dt = k∇2T − T

(
∂P
∂T

)
ρ
(∇·v⃗) + µΦv Bi ≡ hV

kA

Semi-inf. slab: ∂T
∂t = α∇2T α = k

ρĈP

T−T0

T1−T0
= f( x√

2αt
, h

√
αt

k )

Wall: ΦQ

∣∣
x=0

= −k dT
dx = k√

παt
(T1−T0) “Q = 2(T1−T0)

k√
πα

√
t

3 Steady State Diffusion
Fick’s 1st Law: nA,z

A = cDAB
xA0

z
n′

A,z = −cDAB
dxA
dz

= −DAB
dcA
dz

Φn,A,z = n′
A,z︸ ︷︷ ︸

diffusion

+xA(Φn,A,z +Φn,B,z)︸ ︷︷ ︸
convection

= n′
A,z+

cA
c
(Φn,A,z+Φn,B,z)

Φn,A = ṅA

A
Ideal gas: cA = cxA = [ pA

RT = nA

V ]
Cyl. shell balance: c = cI +

cO−cI
ln(RO/RI)

ln r
RI

3.1 Molecular Diffusion in Gases
EMCD: Φn,A,z = DAB(pA1−pA2)

RT (z2−z1)

{Φn,B = 0} : Φn,A,z = DABP (pA1−pA2)
RT (z2−z1)plm,B

pB,i = P − pA,i

DAA′ = 1
3 ⟨v⃗⟩λ =

2
√

πma,AkbT

3π2�2
Aρ

DAB =
2
3

√
kBT

π

√
0.5(m̌−1

A +m̌−1
A )

π[0.5(�A+�B)]2nA

Chapman-Enskog: DAB =
1.8583×10−7T

3
2

√
m̌−1

A +m̌−1
B

Pσ2
ABΩD,AB

σAB = 1
2 (σA + σB)

Fuller: DAB =
1.0×10−7T 1.75

√
m̌−1

A +m̌−1
B

P [(
∑

vA)
1
3 +(

∑
vB)

1
3 ]2

3.2 Molecular Diffusion in Liquids
EMCD: Φn,A,z = ⟨c⟩DAB(xA1−xA2)

z2−z1

⟨c⟩ = 1
N

N∑
i=1

ρzi

⟨m̌⟩zi ⟨m̌⟩zi =
(∑

j
wj,zi

m̌j,zi

)−1

{Φn,B,z = 0} : Φn,A,z = ⟨c⟩DAB(xA1−xA2)
(z1−z2)xlm,B

Wilke-Chang: DAB = 1.173×10−16T
√
ϕm̌B

µB V̌ 0.6
bp,A

Diffusion cell:
Φn,A = fdiffDAB

(c−c′)
τ̃δ ln

c0−c′0
c−c′ = 2fdiffA

V τ̃δ DABt

DAB ∝ T
µB

→ DAB(T2) = DAB(T1)
T2

T1

µB1

µB2

3.3 Molecular Diffusion in Solids
Φn,A,z = DAB(cA1−cA2)

z2−z1
= ˙

PGS(pA1−pA2)

(22.414E−3 m3 mol−1)(z2−z1)

cA =
pA

˙
s

22.414E−3 m3 mol−1

[
molA m−3

solid
]

˙
PGS = DAB

˙
s

Series: Φn,A,z = pA1−pA2

22.414E−3 m3 mol−1 (
∑

i
ℓi

˙
P

GS,i
)−1

Porous: Φn,A = ϕDAB(cA1−cA2)
τ̃(z2−z1)

4 Unsteady State Diffusion
4.1 Flux Equations
A through non-diffusing B, or non-dilute A: Φn,A(k

′) → Φn,A(k)

4.1.1 Gas EMCD or Dilute A
Φn,A = k′c(cA1 − cA2) = k′G(pA1 − pA2) = k′y(yA1 − yA2)

k′cc = k′c
P
RT = kc

plm,B

RT = k′GP = kGplm,B

= kyylm,B = k′y = kcylm,Bc = kGylm,BP

4.1.2 Liquid EMCD or Dilute A
Φn,A = k′c(cA1 − cA2) = k′L(cA1 − cA2) = k′x(xA1 − xA2)
k′cc = k′Lc = kLxlm,Bc = k′L

ρ
m̌ = k′x = kxxlm,B

4.2 Diffusion, Convection, and Reaction
⟨v⃗m⟩ =

∑
i wiv⃗i wi =

ρi
ρ

⟨v⃗n⟩ =
∑

i xiv⃗i xi =
ci
c

mA = ρA(v⃗A − ⟨v⃗m⟩) n′
A = cA(v⃗A − ⟨v⃗n⟩)

mA = −ρDAB∇wA n′
A = −cDAB∇xA

Φm,A = mA + ρA⟨v⃗m⟩ Φn,A = n′
A + cA⟨v⃗n⟩

∂ρA

∂t +∇ ·Φm,A = R̆A
∂cA
∂t +∇ ·Φn,A = r̆A

∂cA
∂t︸︷︷︸

accum.

+∇ · cA⟨v⃗n⟩︸ ︷︷ ︸
convection

−∇ · cDAB∇xA︸ ︷︷ ︸
diffusion

= r̆A︸︷︷︸
reaction

{∆c,∆DAB = 0} : ∂cA
∂t

+ cA (∇ · ⟨v⃗n⟩)+ ⟨v⃗n⟩ ·∇cA −DAB∇2cA = r̆A

{∆ρ,∆DAB = 0} : ∂cA
∂t + ⟨v⃗n⟩ · ∇cA −DAB∇2cA = r̆A

EMCD: ∂cA
∂t = DAB∇2cA

4.3 Cases

Catalytic converter: rA = −DABcAĂ
δ Ă ≡ A wall

unit volume

4.3.1 At Catalyst Surface with Gas Reaction A → 2B

Instantaneous: Φn,A = cDAB

δ ln 1+xA1

1+xA2
Slow: xA2 → Φn,A

k′
1c

4.3.2 Atmospheric Dispersion

σ2
y =

2Dyx
v⃗x

σ2
z = 2Dzx

v⃗x
ρA(x, y, z) =

ṁA

πv⃗xσyσz
e

[
1
2

(
y2

σ2
y
+

(z−h)2

σ2
z

)]

ρA(x, y, 0) =
ṁA

πv⃗xσyσz
e

−h2

2σ2
z e

−y2

2σ2
y ρA(x, 0, 0) =

ṁA

πv⃗xσyσz
e

−h2

2σ2
z

4.3.3 Diffusion-Adsorption in Capping Sediment Layer

Φn,A =
Deffρ

∗
A

a

[
1 + 2

∞∑
n=1

(−1)ne−
Defft

fr (nπ
a )

2
]

a≡Effective cap thickness
fr≡Retardation factor
ρ∗≡Solubility limit

4.4 Coefficients for Various Geometries

Sc ≡ µ
ρDAB

Re ≡ ρv⃗ℓ′

µ Sh ≡ k′
cℓ

′

DAB
St ≡ k′

c

v⃗ ℓ′ ∈ {�, δ, ℓ}
JD = StSc

2
3 =

k′
c

v⃗ Sc
2
3 = Sh

ReSc
1
3

Flow ∥ flat plate: JD = aRebScc
Gas, {Re < 15000} : a = 0.664, b = 0.5, c = 1/3

{15000 < Re < 300000} : a = 0.036, b = −0.2, c = 0
Liq., {600 < Re < 50000} : a = 0.99, b = −0.5, c = 0

5 Evaporation
Q̇ = UA∆T = SλS λS = ĤS − ĥS Stm. economy ≡ mvap

mstm
Total: F = L+ V Solute: FxF = LxL + V yV
FhF +SHS = LhL+V HV +ShS FhF +SλS = LhL+V HV

Single: hF = ĈP,F (TF − Tbp) hL = ĈP,L(TL − Tbp)

Mult.:
n∑

i=1

∆Ti = TS − Tn ∆Tj =

[
n∑

i=1

∆Ti

]
U−1

j∑n
i=1(U

−1
i )

UI =
(

1
hI

+ (RO−RI)AI
kAAlm

+ AI
AOhO

)−1

UO =
(

AO
AIhI

+ (RO−RI)AO
kAAlm

+ 1
hO

)−1

Alm = AO−AI
ln(AO/AI)

Ai = 2πRiℓ

6 Drying
6.1 Humidity

˙
H = m̌(l)

m̌da

p(l)
P−p(l) ˙

HS = m̌(l)
m̌da

p⋆
(l)

P−p⋆
(l) ˙

HP =
100

˙
H

˙
HS ˙

HR = 100p(l)
p⋆

(l)

VH = 22.41
273.15T (m̌

−1
da − m̌−1

(l) ˙
H) ρH =

1 kg da+
˙
H

VH

CH = CP,da + CP,(l)
˙
H Ĥy = CH(T − T0) +

˙
Hλ0

Water/air: Ĥy = (1.005+ 1.88
˙
H)(T − T0) +

˙
Hλ0 λ0(0 °C) = 2501.4 J

g

6.2 Batch Drying

LS = AδρS G⃗ = v⃗ρH G⃗[=]
kg

h m2 v⃗[=]ms
Gas∥sfc, {318 ≤ T ≤ 423},
{2450 ≤ G⃗ ≤ 29300} ∨ {0.61 ≤ v⃗ ≤ 7.6} : h = 0.0204G⃗0.8
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Gas⊥sfc, {3900 ≤ G⃗ ≤ 19500} ∨ {0.9 ≤ v⃗ ≤ 4.6} : h = 1.17G⃗0.37

˙
H−

˙
HS

T−Twb
= − rpsychro

λ(l)
rpsychro ≡ h

m̌daky

Ḋ = LS

A
dχ
dt Ḋc =

Q̇
Aλ(l)

= kym̌da(
˙
HS −

˙
H) = h(T−Twb)

λ(l)

χ = mwet−mS

mS
tdrying = LS(χ1−χ2)

AḊc
= LS(χ1−χ2)

Akym̌da(
˙
HS−

˙
H)

Falling rate in capillary: t(χc, χ) =
δρSλ(l)χc
h(Twb−T ) ln

χc
χ

6.3 Continuous Drying
Moisture: G

˙
H2 + L̇Sχ1 = G

˙
H1 + L̇Sχ2 Gd

˙
H = L̇Sdχ

Heat: GĤG2 + L̇SĤS1 = GĤG1 + L̇SĤS2

lose
±
gain

Q̇

ĤG = CH(TG − T0) +
˙
Hλ0

ĤS = ĈP,S(TS − T0) + χĈP,L(TS − T0)

Countercurrent: L̇S(χc − χ2) = G(
˙
Hc −

˙
H2)

tconst =
G
L̇S

L̇S

A (kym̌da)
−1 ln

(
˙
HS−

˙
Hc

˙
HS−

˙
H1

)
tfalling = G

L̇S

L̇S

A
χc

kym̌da

[
(
˙
HS−

˙
H2)G

L̇S
+ χ2

]−1

ln
[
χc(

˙
HS−

˙
H2)

χ2(
˙
HS−

˙
Hc)

]
7 Countercurrent Multiple-Contact Gas-Liquid Separation
pA = HxA yA = H′xA H′ ≡ H/P
Total: L0VN+1 = LN +V1 A: L0x0 +LN+1yN+1 = LNxNV1y1
n: L0 + Vn+1 = Ln + V1 A: L0x0 + Vn+1yn+1 = LnxnV1y1
Op. line: yn+1 = Ln

Vn+1
xn + V1y1−L0x0

Vn+1
Eq. line: yn = H′xn

Stripping: N =
ln

[
x0−

yN+1
m

xN−
yN+1

m

(1−fabs)+fabs

]
ln(f−1

abs )
fabs ≡ L

mV fa,N ≡ LN

mVN+1
m ≡ slope of eq. line

Absorption: N =
ln
[

yN+1−mx0
y1−mx0

(1−fstr)+fstr

]
ln(f−1

str )
fstr ≡ mV

L = f−1
abs

8 Continuous Humidification Process
ΦLĈP,LdTL = Q̇lat

A + Q̇sens
A

Q̇lat
A = m̌dakGĂPλ0(

˙
Hint −

˙
HG)dh

Q̇sens
A = hGĂ(Tint − TG)dh

ΦLĈP,LdTL = ΦGdĤy = (hLĂ)dh(TL − Tint)

Heat: ΦG(Ĥy2 − Ĥy1) = ΦLĈP,L(TL2 − TL1)

ΦG ≈ 3
2ΦG,min ΦG,min =

ΦLĈP,L

∆Ĥy/∆TL

Ĥy,int−Ĥy

Tint−TL
= −hLĂ

m̌dakGĂP

Film: h = hG

Ĥy2�

Ĥy1

dĤy

Ĥy,int−Ĥy
hG = ΦG

m̌dakGĂP

Overall : h̄ = h̄G

Ĥy2�

Ĥy1

dĤy

Ĥ∗
y−Ĥy

h̄G = ΦG

m̌dak̄GĂP

H∗
y ≡ Hy on eq. line at temp. T from op. line

9 Adsorption Process: A adsorbs B
q ≡ madsorbate

madsorbent
C ≡ madsorbate

Vfluid
K,n, q0 ≡ emp. constants

Isotherms:
Linear: q = KCB K[=] m3

kgadsorbent
Freundlich: q = KCn

B n = ∆ log q
∆ log c K[=]varies

Langmuir: q = q0CB

K+CB
q0[=]

kgadsorbate
kgsolid

K[=]
kg
m3

Batch: qFmA + CB,FVF = qfmA + CB,fVF

9.1 Fixed Bed Adsorption Columns

tT =
∞�

0

(1− C
C0

)dt tusable =
tbreakpoint�

0

(1− C
C0

)dt

fcapacity = tusable
tT

hbreakpoint =
tusable
tT

hT

ϕ∂C
∂t + (1− ϕ)ρp

∂q(C)
∂t = −v⃗s

∂C
∂z +Da

∂2C
∂z2

−dz
dt = − ∂C/∂t

∂C/∂z = v⃗s
ϕ+(1−ϕ)ρpq(C)

10 Membrane Separation
10.1 Liquid Permeation Membrane
K ′ ≡ cm:f

cf:m
m: membrane, f: film

Φn,A = kc1(c1 − c1,f:m) =
DAB

δ (c1,m:f − c2,m:f) = kc2(c2,f:m − c2)

Φn,A = c1−c2
k−1
c1 +

˙
PL

−1+k−1
c2 ˙

PL = DABK′

δmem

10.2 Gas Permeation Membrane
Φn,A = pA1−pA2

RT
kc1

+ δmem

˙
PG,A

+ RT
kc2 ˙

PG =
DAB

˙
s

22.414E−3 m3 mol−1

10.2.1 Complete Mixing Model
V̇0 = V̇R + V̇P V̇0y0 = V̇RyR + V̇P yP θ ≡ V̇P

V̇0

V̇P,A

Amem
= V̇P yP

Amem
= ˙

PGS,A

δmem
(PHyR − PLyP )

V̇P,B

Amem
= V̇P (1−yP )

Amem
= ˙

PGS,B

δmem
[PH(1− yR)− PL(1− yP )]

α◦ ≡ ˙
PGS,A

˙
PGS,B

r ≡ PL
PH

yP

1−yP
= α◦[yR−ryP ]

(1−yR)−r(1−yP )

yP = −b+
√
b2−4ac
2a

y0, yR, α
◦, r known:

a ≡ 1− α◦ b ≡ −1 + α◦ + 1
r + yR

r (α◦ − 1) c ≡ −α◦yR

r
y0, θ, α

◦, r known:
a ≡ θ + r − rθ − α◦θ − α◦r + α◦rθ
b ≡ 1− θ− y0− r+ rθ+α◦θ+α◦r−α◦rθ+α◦y0 c ≡ −α◦y0
yR = y0−θyP

1−θ yP = y0−yR(1−θ)
θ Amem = θV̇0yP

˙
PGS,A
δmem

(PHyR−PLyP )

{θ = 1} : yR,min = y0[1+r(α◦−1)(1−y0)]
α◦(1−y0)+y0

10.3 Reverse Osmosis Membrane: A dissolves B

Π = nBRT
VA ˙

Pslv,A = DA⟨Cmem⟩V̌A

RT

˙
Pδ,A ≡ ˙

Pslv,A
δmem

Dδ,B ≡ Dmem,BK′
B

δmem
K ′

B ≡ CB,mem
CB

Φm,A =
˙
Pδ,A(∆P −∆Π) ∆ : 1

membrane−−−−−→ 2

Φm,B = Dδ,B(CB1 − CB2) =
Φm,ACB2

CA2

rreject ≡ 1− CB2

CB1
= B(∆P−∆Π)

1+B(∆P−∆Π) B ≡ ˙
Pslv,A

Dmem,BK′
BCA2

= ˙
Pδ,A

Dδ,BCA2

11 Mechanical Separation
11.1 Constant Pressure Filtration

Carman-Kozeny: ∆Pcake
δ =

k1µv⃗s(1−ϕ)2Ă2
p

ϕ3 k1 = 4.17 Ăp ≡ AS,p
Vp

dt
dV = KPV +B KP ≡ µαcS

A2(−∆P )

[
s

m6

]
B ≡ µRf

A(−∆P )

[
s

m3

]
α ≡ k1(1−ϕ)Ă2

p
ρpϕ3

t
V = KPV

2 +B KP ∝ A−2 B ∝ A−1

tfltrn = KPV 2

2 +BV

Leaf:
(
dV
dt

)
wash = 1

KPVT+B Plate-frame: 1
4 leaf twash = Vwash

V̇wash

11.2 Centrifugation
F⃗ = ma⃗r = mRω2 ω = v⃗t

r ω = 2πṄr
60

{Re < 1} : v⃗∞ =
ω2�2

p r(ρp−ρ)

18µ

V̇c =
ω2�2

p,c(ρp−ρ)

18µ ln[2R2/(R1+R2)]
V V = πhbowl(R

2
2 −R2

1) tT = V
V̇c

V̇1

Σ1
= V̇2

Σ2

1:small scale
2:process scale Σ ≡ ω2[πhbowl(R

2
2−R2

1)]
2g ln[2R2/(R1+R2)]
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